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We discuss a solution of the Einstein equations, obtained by gluing the external Kerr metric and
the internal Weyl metric, describing an axisymmetric static vacuum distorted black hole. These
metrics are glued at the null surfaces representing their horizons. For this purpose we use the
formalism of massive thin null shells. The corresponding solution is called a ”hybrid” black hole.
The massive null shell has an angular momentum which is the origin of the rotation of the external
Kerr spacetime. At the same time, the shell distorts the geometry inside the horizon. The inner
geometry of the ”hybrid” black hole coincides with the geometry of the interior of a non-rotating
Weyl-distorted black hole. Properties of the ”hybrid” black holes are briefly discussed.
PACS numbers: 04.70.s, 04.70.Bw, 04.20.Jb Alberta-Thy-23-14
I. INTRODUCTION
In this paper we present a solution of the Einstein equa-
tions for what we call a ”hybrid” black hole. This solu-
tion is obtained by proper gluing of the external Kerr
metric and the internal Weyl metric. These metrics are
glued along the joint horizon surface, where a lightlike
thin massive shell is located. The Weyl metric describes
an interior of a non-rotating black hole distorted by the
presence of the shell. At the same time the shell has an
angular momentum which is the origin of the ‘dragging
into the rotation’ of the external spacetime, described
the Kerr metric. The event horizon is a special null limit
of rigidly rotating ZAMO surfaces in the Kerr geometry,
that were discussed in the recent paper by the authors
[1].
To glue the Kerr and Weyl metrics along a common
horizon we used a general approach by Barrabes and Is-
rael presented in their remarkable paper [2]. We shall
describe this formalism adopted to our problem later.
Here we just make a few remarks which might be use-
ful for better understanding of this approach. We con-
sider two different regions, one located outside the hori-
zon and the other inside it, as two distinct spacetime
manifolds M− and M+. We call them Kerr and Weyl
domains, respectively. Their metrics are g−µν and g
+
µν ,
(µ, ν = 0, 1, 2, 3), and we denote the independent coor-
dinates in these domains by xµ− and x
µ
+. The manifolds
M− andM+ have boundaries Σ− and Σ+, respectively.
They are null surfaces with respect to the corresponding
metrics in the domains. We obtain a single spacetime
manifoldM =M− ∪M+ by gluingM− andM+ along
their boundaries, that is by making the natural identi-
fication Σ− = Σ+ = Σ. The Kerr (Weyl) domain M−
(M+) lies to the past (future) with respect to the com-
mon horizon Σ. Denote by ya, a = 1, 2, 3, the internal
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coordinates on Σ. The induced metrics on Σ±,
h±ab =
∂xµ±
∂ya
∂xν±
∂yb
g±µν , (1)
must be isometric. We denote this metric on Σ by hab.
Because the surface Σ of the joint horizon is null, the
three-metric hab is degenerate. The vector n of the nor-
mal to Σ is null, and hence it is tangent to the horizon,
so that habn
anb = 0. Integral lines of this vector field
are null geodesics which are the generators of Σ. In a
general case, there exists an ambiguity in the choice of
the parametrization of these lines, so that when one glues
Σ+ and Σ− one must guarantee that these parametriza-
tions are chosen to be the same. There exist a pair of
commuting Killing vectors in each of the domains, and
a special linear combinations of them, with constant co-
efficients, are null on Σ±. In this paper we use what is
called ”static” soldering, defined by identification of the
corresponding advanced time coordinates over Σ− and
Σ+. For this choice of the soldering the parameters of
the null shell at the horizon are time independent (for
more details, see [2]).
The metric gµν is continuous at the horizon in properly
chosen coordinates. However, it derivatives have jumps.
The formalism developed in [2] allows one to relate these
jumps to a specially chosen massive thin null shell. In this
paper we demonstrate that the external (Kerr) metric
can be glued with the internal (Weyl) metric along the
common event horizon and calculate the parameters of
the corresponding null shell.
The paper is organized as follows. In Sections II and
III we study the near horizon geometry in the Kerr and
Weyl domains, respectively. In Section IV we describe
the procedure of gluing these metrics along the horizon
and calculate the parameters of the massive null shell
spread over the horizon. Section V contains discussion of
the obtained results and their possible generalizations.
We use units in which G = c = 1 and the sign conven-
tion adopted in the book [3].
2II. KERR DOMAIN
A. Kerr metric
The Kerr solution depends on two arbitrary constants,
mass M and a rotation parameter a = J/M ≤ M ,
where J is the angular momentum of the rotating black
hole. The metric ds2− in the Boyer-Lindquist coordinates
(t, r, θ, φ) is (see e.g., [3, 4])
ds2− = dΓ
2 + dγ2 (2)
dΓ2 = Adt2 + 2Bdtdφ+ Cdφ2 , (3)
dγ2 = Σ
(
dr2
∆
+ dθ2
)
, (4)
A = −
(
1− 2Mr
Σ
)
, B = −2Mra sin
2 θ
Σ
, (5)
C =
P sin2 θ
Σ
, P = (r2 + a2)2 −∆a2 sin2 θ , (6)
∆ = r2 − 2Mr + a2 , Σ = r2 + a2 cos2 θ . (7)
The coordinate t takes values in the interval (−∞,∞),
and φ is a periodic coordinate with the period 2π. The
(commuting) Killing vectors for the metric (2) are
ξt = ∂t , ξφ = ∂φ . (8)
These vectors are uniquely specified by the following
properties: (i) ξt is timelike and normalized to one at
the infinity, and (ii) the integral lines of ξφ are closed
circles.
The Kerr metric is also invariant under the reflections
(t, φ)→ (−t,−φ) , and θ → π − θ . (9)
For a < 1 the equation ∆ = 0 has two roofs
r± = M ±
√
M2 − a2 . (10)
The larger one, r+, determines a position of the event
horizon. The angular velocity of the horizon is
Ω =
a
r2+ + a
2
=
a
2Mr+
. (11)
A linear combination of the Killing vectors (which itself
is a Killing vector)
η = ξt +Ωξφ (12)
is a null generator of the event horizon.
B. Horizon metric
The Boyer-Lindquist coordinates become singular at
the horizon. Because we are interested in a near horizon
geometry it is convenient to introduce so called Kerr in-
going coordinates that are regular at the (future) event
horizon. For this purpose we make the following coordi-
nate transformation
dv = dt+dr∗ , dφ˜ = dφ+a
dr
∆
, dr∗ = (r
2+a2)
dr
∆
. (13)
The Kerr metric in these coordinates (v, r, θ, φ˜) takes the
form
ds2− = −
∆
Σ
ω21 + 2dr ω1 +Σdθ
2 +
sin2 θ
Σ
ω22 , (14)
ω1 = dv − a sin2 θdφ˜ , (15)
ω2 = (r
2 + a2)dφ˜ − adv . (16)
The metric on the horizon can be obtained from (14) if
we impose a constraint r = r+. This metric is
1
dh2−
H
= Σ+dθ
2 +
(r2+ + a
2)2 sin2 θ
Σ+
(dφ˜− Ωdv)2 , (17)
where
Σ+ = r
2
+ + a
2 cos2 θ . (18)
It is convenient to introduce coordinates which is co-
rotating with the horizon by making the transformation
ψ = φ˜− Ωv . (19)
Then the horizon metric (17) takes the form
dh2− = B
2(Fdθ2 + sin
2 θ
F dψ
2) . (20)
Here
B =
√
r2+ + a
2 , F = 1 + β
2 cos2 θ
1 + β2
, β = a/r+ . (21)
The parameter β changes in the interval from 0 (for a
non-rotating black hole) till 1 (for an extremely rotating
one). From the form of the induced metric (20) it is easy
to see that the horizon area is
A−H = 4πB2 = 4π(r2+ + a2) . (22)
The vector ∂v coincides with the Killing vector η at the
horizon, and v is the advanced Killing time coordinate.
This Killing parametrization of the horizon generators is
uniquely fixed by these conditions.
It is easy to see that the metric dh2− is degenerate. We
shall use the coordinates ya = (v, θ, ψ) on the horizon.
Here and later a, b = 1, 2, 3. Let us denote yA = (θ, ψ),
A,B = 2, 3. Then one has
dh2−
H
= habdy
adyb
H
= hABdy
AdyB . (23)
1 Here and later we use notation
H
= to stress that a corresponding
relation is valid only on the horizon H.
3In other words, the components of the metric hab in the
null direction v vanish.
The surface gravity κ at the Killing horizon of the
Killing vector field η is defined as follows
κ2 = −1
2
ηµ;νη
µ;ν . (24)
In a general case κ depends on the normalization of the
Killing vector. For the Kerr spacetime this normalization
is fixed by a requirement that ξt is a unit timelike vector
at the infinity. The corresponding value of the surface
gravity is
κ =
√
M2 − a2
r2+ + a
2
=
r2+ − a2
2r+(r2+ + a
2)
. (25)
C. Null tetrads in the Kerr domain
Let us consider a null tetrad (k,n,m, m¯) which in the
(v, r, θ, φ˜) coordinates has components
kµ =
(
0,−r
2 + a2
Σ
, 0, 0
)
,
nµ =
(
1,
∆
2(r2 + a2)
, 0,
a
r2 + a2
)
, (26)
mµ =
1√
2(r + ia cos θ)
(
ia sin θ, 0, 1,
i
sin θ
)
.
These vectors satisfy the following orthogonality condi-
tions
(k,n) = −1 , (m, m¯) = 1 , other products vanish . (27)
The directions of the vectors k and n coincide with the
principle null directions of the Kerr metric. This tetrad
is regular at the future event horizon [5]2. This makes it
different from the Kinnersley tetrad, which is usually cho-
sen for the separation of variable in the field equations,
as well as from symmetric (Carter) null tetrad. The in-
tetrad can be obtained from the latter by suitable ”null
rotations”.
The value of the vectors of the in-tetrad (26) at the
horizon in (v, r, θ, φ˜) coordinates is
kµ
H
=
(
0,−r
2
+ + a
2
Σ+
, 0, 0
)
, nµ
H
= (1, 0, 0,Ω) , (28)
mµ
H
=
1√
2(r+ + ia cos θ)
(
ia sin θ, 0, 1,
i
sin θ
)
. (29)
It is easy to see that the vector n at the horizon coincides
with Killing vector η given by (12), which is the null
generator of the horizon.
2 We change the standard notations for the real null vectors of the
tetrad of the paper [5] l → n and n → k in order to achieve
consistency with notations adopted in [2].
D. Near horizon geometry
We have two coordinate systems in the vicinity of the
horizon: the ingoing Kerr coordinates xµ = (v, r, θ, φ˜)
and the co-rotating ones xµ− = (v, r, θ, ψ), where ψ is
defined by (19). In the co-rotating coordinates the null
vector n on the horizon has the following form
n
H
= (1, 0, 0, 0) . (30)
We introduce two more holonomic vectors tangent to the
horizon
e2 = (0, 0, 1, 0) , e3 = (0, 0, 0, 1) . (31)
In the coordinates yi− = (v, θ, ψ) on the surface of the
horizon one has
e1 = n
H
= ∂v , e2
H
= ∂θ , e3
H
= ∂φ˜ = ∂ψ . (32)
We need to add to this set a new vector, which is trans-
verse to the horizon. We denote it by N . Let us notice
that for the calculation of the transverse extrinsic curva-
ture one needs only to know this vector on the horizon.
The normalization conditions
N 2
H
= 0 , (N ,n)
H
= −1 , (N , e2) H= (N , e3) H= 0 , (33)
uniquely determine it. Simple calculations give
Nµ
H
=
(
−1, a
2 sin2 θ
2(r2+ + a
2)
, 0, 0
)
. (34)
Let us emphasize that the components ofN are the same
in both of the coordinates xµ and xµ−.
A transverse extrinsic curvature Kab is defined as fol-
lows [2]
Kab = −Nµeνb∇νeµa , (i, j = 1, 2, 3) . (35)
The components of this object are invariant under the co-
ordinate transformations in the bulk space and it trans-
forms as a tensor under the change of the coordinates on
the horizon. For the chosen holonomic basis it is sym-
metric, Kab = Kba.
To perform these calculations we used the program
GRTensor.The calculations are performed in (v, r, θ, φ˜)
coordinates. However, since Kab is invariant under the
coordinate transformations in the bulk space, its value re-
mains the same in the ‘co-rotating’ coordinate (v, r, θ, ψ).
The result is
K−11 =
r2+ − a2
2r+(r2+ + a
2)
, K−12 = −
a2 sin θ cos θ
Σ+
,
K−13 = −
a sin2 θA13
2r+Σ2+
, K−22 = −
r+(r
2
+ + a
2)
Σ+
, (36)
K−23 = −
a(r2+ + a
2) sin θ cos θ
Σ+
,
K−33 = −
(r2+ + a
2) sin2 θA33
2r+Σ3+
.
4Where
A13 = r2+(3r2+ + a2) + a2(r2+ − a2) cos2 θ , (37)
A33 = r2+(r2+ − a2)(2r2+ + a2)
+ a2(5r4+ + 2r
2
+a
2 + a4) cos2 θ (38)
+ a4(r2+ − a2) cos4 θ .
Let us also notice that we use the parameter r+ in the
above formulas instead of the black hole mass M . It is
easy to check that
K−vv = κ . (39)
III. WEYL DOMAIN
A. Metric of a static axisymmetric distorted black
hole
Let us consider the inner domain,M+, located to the
future of the event horizon. According to our assumption
this is a metric of a static vacuum axisymmetric distorted
black hole. It has two commuting and orthogonal Killing
vectors ζT and ζϕ. Both of them are spacelike inside the
horizon. The vector ζϕ is singled out by the property
that its integral lines are closed. The other Killing vec-
tor ζT is uniquely defined, up to a normalization factor,
by the condition that it is orthogonal to ζϕ. We fix its
normalization later.
The Weyl metric is a static axisymmetric vacuum so-
lution of the Einstein equations [6]. A special sub-class
of these metrics, that have a regular horizon, describes
distorted black holes [7, 8]. Properties of static distorted
black holes were discussed, e.g., in [9]. This metric has
a Killing horizon, where ζT becomes null. It separates
exterior and interior domains of the Weyl-distorted black
hole. In this work we focus on the interior domain only.
The properties of the interior of a distorted black hole
were studied in [10] (see also [11]).
We write the inner metric of Weyl-distorted static
black hole in the form
ds2+ = e
2UFdT 2 + e−2U+2V
(
−dρ
2
F
+ ρ2dϑ2
)
+ e−2Uρ2 sin2 ϑdϕ2 , (40)
where F = 2mρ − 1, U = U(ρ, ϑ) and V = V (ρ, ϑ). When
U = V = 0 the metric (40) reduces to the Schwarzschild
one for the interior of a non-distorted black hole. The
metric (40) is invariant under the following transforma-
tion
U = U˜ + b , T = e−bT˜ , ρ = ebρ˜ , m = ebm˜ . (41)
In the general case the functions U and V can be found
by solving the Einstein equations. The potential U obeys
a simple linear equation, that follows from RTT = 0 (see,
e.g., [10]). For our purpose it is convenient to write its
solution in the form [12]
U(ρ, ϑ) =
∞∑
k=1
αk
(
R
m
)k
Pk , (42)
where αk are constants and
Pk = Pk(Z) , Z =
(ρ−m) cosϑ
R
(43)
R =
[
m2 cos2 ϑ− Fρ2]1/2 . (44)
Here Pk(. . .) are Legendre polynomials. The quantities
R/m and (ρ−m)/R are invariant under the transforma-
tion (41). In the black hole interior R2 can become null
and negative. However, the combination of the power
of R and the Legendre polynomial Pk, that enters the
series (40), remains finite and well defined. One can in-
clude in the expansion (42) an extra term, corresponding
to k = 0. But it is a constant. We fix an ambiguity (41)
putting this term equal to zero.
After the solution for U is given, the function V can be
found by integrating the expressions, that are quadratic
in partial derivatives of U . An elegant form of a solution
for V was derived in [12]. Following this work we present
V in the form3 (see also [13])
V (ρ, ϑ) =
∞∑
i=1
∞∑
j=1
ijαiαj
i+ j
(
R
m
)i+j
(PiPj − Pi−1Pj−1)
− 1
m
∞∑
i=1
αi
i−1∑
j=0
Aij
(
R
m
)j
Pj , (45)
Aij = (−1)i+j [ρ−m(1− cosϑ)] + ρ−m(1 + cosϑ) .
As one can see from the metric (40), the square of the
Killing vector ζT is proportional to F and hence this
vector becomes null at ρ = 2m. It is easy to show that
this relation determines a position of the Killing horizons.
One of the Einstein equations (Rρϑ = 0) implies that
there is the following relation between the values of U
and V on the horizon [9]
V (2m,ϑ)
H
= 2U(2m,ϑ)− 2u0. (46)
Possible conical singularities at fixed points of the Killing
vector ζϕ are absent when
U |ϑ=0,pi H= u0 , V |ϑ=0,pi H= 0 . (47)
In what follows we assume that these conditions are sat-
isfied. In particular, they imply the following restrictions
on the coefficients αi
∞∑
k=1
α2k−1 = 0 ,
∞∑
k=1
α2k = u0 . (48)
3 Instead of coordinates (x, y) of this work, we use (ρ, ϑ), connected
with them as follows x = (ρ−m)/m and y = cosϑ.
5It is convenient to use the following notation
U = U + u0 . (49)
Local analysis of the Weyl solutions near a regular
event horizon shows that in its vicinity U and V have
the following form (for details, see [10, 11])
U = U0(ϑ) + (1− ρ/2m)U1(ϑ) + . . . , (50)
V = 2U0(ϑ) + (1 − ρ/2m)V1(ϑ) + . . . . (51)
Here ‘dots’ denote higher in powers of (1− ρ/2m) terms.
For known U0, the functions Ui≥1 and Vi≥1, which enter
(50), are defined by recursive relations. In particular, one
has
U1 = cotϑ U0,ϑ + U0,ϑϑ , (52)
V1 = cotϑ U0,ϑ − U0,ϑϑ − U20,ϑ . (53)
Using the definition (24) for the Killing vector ζT = ∂T
one obtains the following value of the surface gravity at
the horizon
κˆ+ =
e2u0
4m
. (54)
In what follows we shall sew the outer (Kerr) and the
inner (Weyl) metric. The Killing vector η and the cor-
responding Killing parametrization of the horizon of the
Kerr metric are uniquely defined. However, the Killing
vector ζT of the Weyl metric can differ on the horizon
from η by a normalization factor λ. For this reason we
define new time coordinate t+ and new Killing vector ξ+
as follows
t+ = λT , ξ+ = ∂t+ = λ
−1∂T . (55)
The surface gravity for ξ+ is
κ+ = λ
−1 e
2u0
4m
. (56)
We fix the parameter λ later.
B. Regular at the future horizon coordinates
The Weyl metric (40) has a coordinate singularity on
the horizon. Let us construct new coordinates, that are
regular at the horizon. Using (49) we rewrite the metric
(40) as follows
ds2+ = e
−2u0
[
e2UFdT˜ 2 + e−2U+2V
(
−dρ
2
F
+ ρ2dϑ2
)
+ e−2Uρ2 sin2 ϑdϕ2
]
, (57)
where T˜ = exp(2u0)T . Let us introduce ingoing null
coordinate (advanced time) v˜
dv˜ = dT˜ − dρ
F
. (58)
One has
e2UFdT˜ 2 − e−2U+2V dρ
2
F
= (59)
e2UFdv˜2 + 2e2Udv˜ dρ+ 4me2U0 [(2U1 − V1) + . . .]dρ2 .
The dots here denote linear and higher order in (2m−ρ)
terms. Relations (57) and (59) explicitly demonstrate
that the Weyl-distorted metric in (v˜, ρ, ϑ, ϕ) coordinates
(57) is regular at the horizon.
Putting ρ = 2m one obtains a metric on the black hole
surface
dh2+
H
= 4m2e−2u0
[
e2U0dϑ2 + e−2U0 sin2 ϑ dϕ2
]
. (60)
As expected, this metric is degenerate and its compo-
nents in vˆ-direction vanish.
The surface area of the distorted black hole is
A+H = 16πm2e−2u0 . (61)
We shall also use another advanced time coordinate vˆ
with slightly different normalization
vˆ = exp(−2u0)v˜ , dvˆ = dT − e−2u0 dρ
F
. (62)
If one has a vectorA, which has components (AT , Aρ, . . .)
in (T, ρ) coordinates, then its components in (vˆ, ρ) coor-
dinates are (Avˆ, Aρ, . . .), where
Avˆ = AT − e−2u0 A
ρ
F
. (63)
Let us also notice that the Killing vector ζT in the ingoing
coordinates xˆµ = (vˆ, ρ, ϑ, ϕ) takes the form ∂vˆ.
C. Null tetrads
The sectors (T, ρ) and (ϑ, ϕ) in the Weys domain are
orthogonal to each other. This implies a convenient
prescription for a choice of a null tetrad. The vectors
(Nˆ , nˆ,E2,E3) of such a tetrad have the following con-
travariant components in (T, ρ, ϑ, ϕ) coordinates
Nˆ =
(
− e
−U
√
2F
,−eU−V
√
F/
√
2, 0, 0
)
,
nˆ =
(
e−U√
2F
,−eU−V
√
F/
√
2, 0, 0
)
, (64)
E2 =
(
0, 0,
eU−V
ρ
, 0
)
, E3 =
(
0, 0, 0,
eU−V
ρ sinϑ
, 0
)
.
These vectors obey the relations
(Nˆ , nˆ) = −1 , (E2,E2) = (E3,E3) = 1 , (65)
the other scalar products vanish. The signs in the defini-
tion of the null vectors Nˆ and nˆ are chosen so, that both
of them are future directed. These vectors are chosen in
the symmetric form. However they are not regular at the
6horizon. Regular at the horizon vectors can be obtained
by a boost transformation
N+ =
√
2√
F
e−UNˆ , n+ =
√
FeU√
2
nˆ . (66)
Using the relation
2U − V = (2U1 − V1)(1− ρ/2m) + . . . . (67)
it is easy to check that the vectors
N+ =
(
−e
−2U
F
,−e−V , 0, 0
)
, (68)
n+ =
(
1
2
,−1
2
e2U−V F, 0, 0
)
, (69)
are regular at the horizon. In (v+, ρ) coordinates their
values on the horizon are
N+
H
=
(
2me−2(U0+u0)(2U1 − V1),−e−2U0 , 0, 0
)
, (70)
n+
H
= (1, 0, 0, 0) . (71)
The limit of the other two vectors of the null tetrad on
the horizon is
E2
H
=
(
0, 0,
e−U0+u0
2m
, 0
)
, E3
H
=
(
0, 0, 0,
e−U0+u0
2m sinϑ
)
.
(72)
D. Near horizon geometry
We can use the coordinates xˆµ = (vˆ, ρ, ϑ, ϕ) in the
vicinity of the Weyl horizon. However, as we explained
earlier, there is no guarantee that the coordinate vˆ on
the horizon coincides with the Kerr advanced time v. So
we write
v = λvˆ , n = λ−1n+ , N = λN+ . (73)
For the proper choice of a constant λ the advanced time
v and vectors n and N are continues at the common
horizon surface. We specify λ later and keep it in the
formulas for a while. Thus the coordinates on the sur-
face of the horizon Σ+ are y
i
+ = (v, ϑ, ϕ). We introduce
the following holonomic basis of vectors tangent to the
horizon Σ+
n = ∂v , eϑ = ∂ϑ , eϕ = ∂ϕ , (74)
One can see that vectors eϑ and eϕ are colinear with E2
and E3 and differ from them only by the normalization.
A transverse extrinsic curvature Kab is defined as fol-
lows [2]
Kab = −Nµeνb∇νeµa . (75)
We use the program GRTensor to calculate the compo-
nents of this objects. The result is
K+11 = −
1
2
λ−1e2U−V (2FU,ρ + F,ρ) ,
K+12 = U,ϑ , K+21 =
1
2
V,ϑ , (76)
K+22 = −λρe−2U+V [ρ(V,ρ − U,ρ) + 1] ,
K+33 = λρ sin2 ϑe−2U−V [ρU,ρ − 1] ,
Other components are zero.
Using local expansions (50) of U and V near the hori-
zon one obtains the following expressions for the compo-
nents of K+ab on the horizon
K+11 = κ+ ≡
e2u0
4λm
,
K+12 = K+21 = U0,ϑ ,
K+22 = −
1
2κ+
[1 + (U1 − V1)] (77)
K+33 = −
1
2κ+
e−4U0 sin2 ϑ(1− U1) .
(78)
IV. GLUING SOLUTIONS TOGETHER
A. Induced geometry
By comparing the induced metrics dh2± on the hori-
zon surface, given by (20) and (60), one arrives at the
following conclusions:
• Coordinates ϑ and ϕ on the Weyl horizon coincide
with the coordinates θ and ψ on the Kerr horizon;
• The surface areas of the both horizons are identical
if
2me−u0 =
√
r2+ + a
2; (79)
• The shapes of the both horizons are the same pro-
vided
exp (2U0) = F ≡ 1 + β
2 cos2 θ
1 + β2
; (80)
In what follows we shall use θ and ψ as common coor-
dinates on the joint horizon. The conditions (79) and
(80) guarantee that the induced geometries on the joint
horizon coincide.
Using relations (44) one has at the horizon ρ = 2m
R
H
= m| cos θ| , ε ≡ cos θ/| cos θ| = ±1 , Pi H= Pi(ε) = εi ,
and the relation (42) takes the form
U
H
=
∞∑
i=1
αi cos
i θ . (81)
7Using (80) one can write
U
H
= u0 + U0 = u0 + 1
2
lnF ,
= u0 +
1
2
[ln(1 + β2 cos2 θ)− ln(1 + β2)] . (82)
• By comparing this relation with (81) one concludes
that
u0 =
1
2
ln(1 + β2) , (83)
• The relation (83) implies that
e2u0 =
r2+ + a
2
r2+
=
2M
r+
, (84)
and hence
m = M =
r2+ + a
2
2r+
. (85)
• If the surface gravities κ and κ+ coincide one has
λ =
2(r2+ + a
2)
r2+ − a2
. (86)
• The holonomic bases ei defined by (32) and (74)
are identical.
Using the above relations, one can rewrite K+ab in terms
of coordinates and parameters of the external Kerr solu-
tion
K+11 = κ+ ≡
e2u0
4λm
, K+12 = K+21 = −
a2 sin θ cos θ
Σ+
,
K+22 = (2κ+Σ2+)−1 × [r2+(r2+ + 2a2) (87)
− a2(2r2+ + 3a2) cos2 θ + 2a4 cos4 θ] ,
K+33 = −
(r2+ − a2 cos2 θ) sin2 θ
2κ+Σ2+
.
B. Potential U in the Weyl domain
Before considering the jump conditions for transverse
extrinsic curvature let us show that the relation (80) de-
termines the potential U everywhere in the Weyl domain.
Using the Teylor decomposition of the depending on the
angle θ part in the right-hand side of (82) one obtains
α2k−1 = 0 , α2k = (−1)k+1β
2k
2k
. (88)
It is easy to check that
∞∑
k=1
α2k =
1
2
ln(1 + β2) . (89)
as it should be.
We use now the obtained value for the coefficients αi
and substitute them into (42). The summation in the
resulting series can be performed and one obtains (see
Appendix)
U =
1
2
ln
(X+X−
4
)
, (90)
X± =
√
X2± + λ+X± , (91)
X± = 1± iyZ , λ = y2(Z2 − 1) , y = βR/m , (92)
Pk = Pk(Z) , Z =
(ρ−m) cosϑ
R
(93)
R =
[
m2 cos2 ϑ− 2mρ+ ρ2]1/2 . (94)
Let us notice that expression (90) for the potential U in
the Weyl domain contains complex quantities. However,
the function U is real, as it should be.
One can check the obtained answer by substituting it
in the equation RTT = 0. On the horizon |Z| = 1 and
λ = 0, and the potential U takes the form
U
H
=
1
2
ln(X+X−)
H
=
1
2
ln(1 + y2)
H
=
1
2
ln(1 + β cos2 θ) .
(95)
Thus the boundary conditions are also satisfied.
C. Massive thin null shell
To satisfy the continuity of the Killing vectors at the
horizon in what follows we impose the condition
κ− = κ+ , (96)
and use relation (86) to fix the normalization of the ad-
vance time coordinates v. We require the continuity of v
in such a chosen parametrization. Following [2] we denote
by γab the jump of the transverse extrinsic curvature
1
2
γab = [Kab] ≡ K+ab −K−ab . (97)
The condition (96) implies
nanbγab = γ11 = 0 , γ12 = 0 . (98)
In order to use the formalism developed in [2] we in-
troduce an object gab∗ obeying the equation
gac∗ gbc = δ
a
b + n
aNb . (99)
For the adopted choice of the null vectors n and N the
metric gac∗ can be chosen as the contravariant two-metric
gAB, bordered by zeros. Using (98) one can write the
relation (31) of [2] in the form
− 16πSab = [gac∗ nbnd + gbd∗ nanc − nanbgcd∗ ]γcd . (100)
8We put ǫ = 0 in this relation since the horizon surface is
null, and put η = −1, since (n,N) = −1. Let us denote
qa = −1
2
gac∗ n
dγcd , K = gcd∗ (K+cd −K−cd) . (101)
Then one has
8πSab = Knanb + 2q(anb) . (102)
It is easy to check that
qa = qξaψ , q = −
aA13
2r+Σ+(r2+ + a
2)2
, (103)
Here ξψ = ∂ψ is the Killing vector, generating the rota-
tions of the horizon, and A13 is given by (37).
Let us denote
trK± = gCDK±CD . (104)
Then, since gCD is continuous at the horizon, one has
K = trK+ − trK− . (105)
The calculations give
trK− = −4r
4
+ + 3r
2
+a
2 + a4 + a2(r2+ − a2) cos2 θ
2r+(r2+ + a
2)Σ+
,
trK+ = − (r
2
+ + a
2)r+B
+
(r2+ − a2)Σ3+
, (106)
B+ = r2+(2r
2
+ + 3a
2)− (3r2+ + 4a2)a2 cos2 θ
+ 2a4 cos4 θ ,
K = − a
2 sin2 θB
2r+(r4+ − a4)Σ3+
, (107)
B = r4+(15r
4
+ + 18r
2
+a
2 + 7a4)
+ 2r2+a
2(r4+ − 6r2+a2 − 3a4) cos2 θ
+ (r2+ − a2)2a4 cos4 θ .
Suppose Φ(xµ) = 0 is the equation of the shell and α
is defined by the relation
α−1∂µΦ
H
= nµ , (108)
then, considered as a distribution, the stress-energy ten-
sor of the shell is [2]
T µνΣ = αS
µνδ(Φ) . (109)
We choose Φ = r+ − r, so that Φ increases from M− to
M−. The vectors n and Φ,µ (in the Kerr domain) have
components
nµ
H
= (0,
Σ+
r2+ + a
2
, 0, 0) , Φ,µ
H
= (0,−1, 0, 0) , (110)
so that
α = −r
2
+ + a
2
Σ+
. (111)
The function α is negative, as it should be for the null
shells (see [2]).
V. DISCUSSIONS
In this paper we constructed a new solution of the Ein-
stein equations, which we called a ”hybrid” black hole.
The corresponding metric is obtained by gluing of the ex-
ternal Kerr metric and the internal Weyl-distorted met-
ric along the common horizon . To glue these metrics we
used the method of the massive thin null shells [2]. The
horizon surface is null, so that the metric, induced on it
is degenerate. For proper gluing of these geometries one
needs to identify the null geodesics at the both horizons,
that are their generators, and require that the transverse
two-dimensional metrics are isometric. To exclude the
re-parametrization freedom, one needs to fix the param-
eters along the horizon generators, before the gluing. For
this purpose we use the Killing parameters. Namely, we
required the continuity of the advanced time coordinate
v defined in the external (Kerr) and the internal (Weyl)
domain. The only left ambiguity in the choice of v is
connected with the ambiguity of the normalization of the
corresponding Killing vector. This ambiguity is fixed in
the Kerr domain by the condition that the timelike at
infinity Killing vector has a unit norm their. To fix the
normalization of the corresponding Killing vector in the
Weyl domain we imposed the condition that the surface
gravities calculated at the horizon of the Kerr and Weyl
metrics are the same.
We calculated the stress-energy tensor of the massive
thin null shell Sab (formula (102)). We demonstrated
that it is a sum of two terms. The first one, 18piKnanb,
is proportional to a2. It describes the null fluid, propa-
gating along the horizon. The second one, 14pi q
(anb), is
proportional to a and it describes a current along the
horizon, carrying the angular momentum. Such a ”ro-
tating” null shell generates theangular momentum of the
external (Kerr) metric. At the same time it distorts the
”non-rotating” interior. The massive null shell ”respects”
both of the spacetime symmetries: it is stationary (time
independent) and axisymmetric.
The horizon of the ”hybrid” black hole is a special
(null) case of a rigidly rotating ZAMO surface [1]. An
interesting question is whether it is possible to construct
a solution of the Einstein equations which is a junction
of the Kerr and Weyl metrics, glued at a timelike surface
od a rigidly rotating ZAMO surface.
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9Appendix A: Calculation of the Weyl potential U
In this appendix we obtain a solution for the potential
U in the inner (Weyl) domain. Relations (82) and (83)
imply
U
H
=
1
2
ln(1 + β2 cos2 θ) . (A1)
Using series expansion for ln(1 + x)
ln(1 + x) = −
∞∑
k=1
(−1)kxk
k
, (A2)
one can write U on the horizon in the form
U
H
= −
∞∑
k=1
(−1)k(β cos θ)2k
2k
. (A3)
The coefficients αk, that enter the solution (42), are of
the form (88). Thus one has
U = −
∞∑
k=1
(−1)kq2k
2k
P2k(Z) . (A4)
Here y = βRm and R and Z are defined by relations (43).
To perform summation of the series (A4) we start with
the relation for a generating function of the Legendre
polynomials. Denote
f± =
1√
1− 2sZ + s2 , (A5)
then one has ∑
k
skPk(Z) = f− . (A6)
Let us denote s = iy then it is easy to check that
U = −
∫ y
0
dy
y
[
1
2
(f+ + f−)− 1
]
. (A7)
The integral can be easily calculated. Let us denote
X± = 1± iyZ , λ = y2(Z2 − 1) , (A8)
then one has
U =
1
2

arctanh

 X−√
X2− + λ


+ arctanh

 X+√
X2+ + λ

+ ln(λ/4)

 . (A9)
Here arctanh(x) is an arc hyperbolic tangent of x, which
can be expressed in terms of ln function
arctanh(x) =
1
2
ln
1 + x
1− x . (A10)
After simplifications (A9) takes the form
U =
1
2
ln
(X+X−
4
)
(A11)
X± =
√
X2± + λ+X± .
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